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INTRODUCTION 
The purpose of this paper is to determine the character tables of the 
association schemes which are obtained from the action of finite 
orthogonal groups acting on the sets of nonisotropic (projective) points. 
This is a continuation and generalization of the study in the previous paper 
[2], where the character tables of Paige’s simple Moufang loops M*(q) 
were determined. In fact the character table of the simple Moufang loop 
M*(q) is the character table of the association scheme obtained from the 
action of the group O:(q) acting on the set of nonisotropic points. There- 
fore, as it was in the case of the Moufang loop M*(q), the character table 
of O:,(q) acting on nonisotropic points are closely related to the character 
table of the group PSL(2, q). That is, it is obtained from the P-matrix of 
PSL(2, q) by the natural substitution q + qm-’ (see Theorems 2.3 and 4.3). 
In the same manner the character table of O,(q) acting on the set of 
nonisotropic points is obtained from the character table of the association 
scheme of PSL(2, q) by the substitution q + -q”- ’ (see Theorems 3.3 
and 5.3). However, the character tables of O,,,,, 1(q) acting on each of the 
positive- and negative-type of nonisotropic points are considerably different 
and, indeed, are controlled by the character table of the association scheme 
obtained from the action of PGL(2, q) acting on the cosets by dihedral 
subgroups btq ~ 1 ) and hy + I ) y respectively (see Theorems 6.3 and 7.3). 
In order not to make this paper too lengthy, we will use the results 
presented in our previous paper [2], in particular, for the information on 
the character tables (i.e., the P-matrices) of the group PSL(2, q) and the 
related groups. Also we refer to [ 1, 21, for any unexplained notation of 
association schemes and the character table of association scheme though 
all the notations used here are standard. 
Our basic strategy of the proofs is as follows. The first step is to 
determine all the structure constants pi explicitly, in particular, in 
connection with the cases of the smallest m (i.e., m = 2 for O&(q) and 
m = 1 for OZm+ 1(q)). The next step is to conjecture the right character table 
by using the character table for the smallest m. Finally, we prove that the 
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conjectured character table is the right one by using the orthogonality 
relation of the character table of the case for the smallest m. 
After we completed these calculations, we learned that the work of 
Soto-Andrade [7, S] is closely related with these results. (The authors 
thank J. Soto-Andrade for bringing his work to our attention.) Actually 
Soto-Andrade computed all the spherical functions of O:m(q) acting on 
nonisotropic points, and also obtained the relation to the character table 
of PX(2, q) in connection with the Weil representations and dual reduc- 
tive pairs. Therefore, some of the results in the present paper (at least for 
O&(q) for odd prime power q) can be obtained through the results of 
Soto-Andrade. However, we believe that our approach presented in this 
paper is worth being presented in this form because of the following points: 
(i) The normalization of the character table in this paper and in the spherical 
functions in [7, 81 are different. We think our normalization makes very 
clear and transparent the importance of the substitutions q + qm i and 
4+ -4 m ‘. The grasp of such substitutions is very useful and it is success- 
fully used in our subsequent examples, such as the construction of the 
character tables of GL(m, q2)/GU(m, q2) and GL(2m, q)/Sp(2m, q), etc. 
(ii) Our results for O,‘,(q), for even q, and OZm+ ,(q) are not covered by 
the work of Soto-Andrade [7, 81, though we think that his method could 
possibly be modified to prove these results. (iii) Our method is quite 
elementary. There is no need to use deep representation theoretical results. 
We also obtained results for unitary groups U(m, q) acting on 
nonisotropic points and symplectic groups Sp(2m, q) acting on non- 
isotropic lines. These results will be dealt with in a subsequent paper. Also, 
a survey paper on the character tables of commutative association schemes 
[3] (which will also discuss this and related topics in an informal way, and 
include many examples and many conjectures) is being prepared by the 
first author. 
We conclude this introduction by mentioning the following three 
remarks. 
Remark 1. In Section 4 and Section 5, we consider the character tables 
of the primitive association schemes X(0,+,(q), 52,) and X(Og,(q), O,), 
which are obtained from the action of O,+,(q) and O,(q) on the sets Q, 
and O,, the halves of the sets of nonisotropic points (associated with the 
respective quadratic form), respectively. Instead of these actions, if we 
consider the action of PGO,+,(q) and PGO,(q) on Sz and 0, the sets of 
all the nonisotropic points, respectively, then the association schemes 
Xt*(PGO,+,(q), Q) and %(PGO;M(q), 0) are not primitive although the 
actions are transitive. The character tables of these imprimitive association 
schemes of class q are calculated more easily than that of corresponding 
primitive ones. In fact, the character tables of these imprimitive ones are 
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controlled by the character tables of the groups PGL(2, q) instead of 
PSL(2, q). That is, these character tables are similar to the character tables 
of the association schemes calculated in Section 2 and Section 3. In 
Sections 2 and 3, we use the fact that q is even in the course of their proofs. 
But the results are essentially expressed as characteristic-free, i.e., it does 
not matter whether q is even or odd in its final expression. 
Remark 2. The case 0 Zm+ ,(2”) acting on the nonisotropic points is not 
contained in the table of contents of this paper. An explanation for this is: 
(i) The action of the group OZm+ 1 (2”) acting on nonisotropic projective 
points is strange. This group action is not transitive because the associated 
bilinear form brings the radical which forms its own singleton orbit under 
the action. This group action is transitive in the remaining q2” - 1 points, 
and the stabilizer of a point is a subgroup of a parabolic subgroup. (ii) The 
stabilizer of the action of O,, + ,(q), with q odd, on the orbits Q, and QZ 
are O,,(q) and O,+,(q), respectively. Therefore, the right permutation 
representations corresponding to these cases are the actions of 02,+ ,(2”) 
acting on the cosets by 02;(2”) and on the cosets by O&,(2”). These 
actions are indeed equivalent to the actions of 02,,,+ ,(2”) on the set of 
positive-type hyperplanes and on that of negative-type hyperplanes respec- 
tively. So we may want to find the character tables of these association 
schemes, which are obtained from the actions of OZm+ ,(2”) on each of 
positive-type and negative-type hyperplanes. Although we have not finished 
the calculations of the character tables of these association schemes 
completely, we are convinced (partly through some explicit examples for 
small values of q, and partly because of intrinsic nature of the theory) that 
these tables are essentially the same as the character tables described in 
Section 6 and Section 7. 
Remark 3. In Sections 6 and 7, we reduced the character tables of 
the association schemes F( 02,,, + 1 (~‘7, Q,) and X(02m+lW)T Q2) to the 
character tables of X(0&Y), Q,) and X(O,(p”), Q,), but we did not 
calculate the values of the character tables of the latter association schemes 
explicitly. Explicit calculation of the entries xii (see Theorems 6.3 and 7.3) 
of the character tables are fairly difficult, though they are in fact calculable. 
(We will discuss this topic in our subsequent paper.) 
1. PRELIMINARY: THE CHARACTER TABLES OF THE GROUP 
ASSOCIATION SCHEMES OF PSL(2, q) 
In this section we will provide the basic information about the group 
association schemes of PSL(2, q), and then we will review the classification 
of quadratic forms over GE’(q) for later use. 
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Let v be a generator of the cyclic group GF(q) - (0). Let X, j, Z, . . . 
denote the elements of PSL(2, q) while x, y, z, . . . denote those of SL(2, q) 
viewing X as the image of x under the natural epimorphism from ,X(2, q) 
to its factor group PSL(2, q) modulo the center of ,X(2, q). For 
XE SL(2, q), tr(x) denotes the trace of, the 2 x 2 matrix, x. Let 
N[f(x,. x,)=0] and N[t2 - v’+‘t + 1 =0] denote the number of solu- 
tions of f(x,,x2)=0 in [GF(q)12 and that of t2-vp’t+ 1 =0 in GF(q), 
respectively. For the proofs and the background of the following discus- 
sions, we refer to [2, Chap. 1; 1, Chap. 23. 
Association Scheme %( SL( 2, 2”) ) 
For (x, u) E SL(2, q), q = 2”, defining association relations Rj by 
(x, y)~R,ox=y 
(x,y)~Riotr(yx ‘)=O, x#!, 
(x, y)ERiotr(yx-‘)=v’~‘, for i=2, 3, . . . . q, 
we get a symmetric association scheme of class q. This scheme is called the 
group association scheme of SL(2,2”) and is denoted by ?C(SL(2,2”)). 
The valencies and intersection numbers of T(SL(2, 2”)) are given as 
k,=(q+lNq-1) 
k,= 4(4-l) 
' i 
if N[t’-v’p’t+l=O]=O 
4(4 + 1) if N[P-vi-‘t+ 1 =O] =2 for i= 2, 3, . . . . q 
a:,=N[x~+x~+l=O]-2 
at=N[xf+xz+vlplx,+ 1 =O] for 2<j<q 
ab.=N[xy+v’ ‘x,+x~+v~~‘x~+ 1 =O] for 2<i<jbq 
a~,=N[(x,+1)‘-vh~‘(~,+1).~2+~~=0]-l for 26h<q 
a~=N[x:+x~+v’ ‘x, +v’-‘x2+vh-‘xlx2+ 1 =O] 
for 26h<i<j<q. 
The remaining parameters are directly computed from the above and from 
the basic equalities Cy=0 ki = q(q2 - 1 ), CY= ,, a$ = ki, a”, = ai, and k,a$ = 
kjaih. 
The character table of this association scheme is given as Table I. 
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Association Scheme X( PSL(2, p”)), p an Odd Prime 
For distinct pair Z, j E PSL( 2, q), q = p”, p an odd prime, defining the 
association relations Rj by 
(2, j)~ Rio tr(JK ‘) = vi, for 1 <iG(q- 1)/2 
(2, j)eR (y+,),ZOtr(liX~~‘)=O, 
we get a symmetric association scheme T(PSL(2, q)) of class (q + 1)/2. 
(This association scheme is a slight modification of the group association 
scheme of PSL(2, q).) 
The valencies and the intersection numbers d$ of X(PSL(2, q)) are as 
follows: For i = 1, 2, . . . . (q - 1)/2, 
1 
4(4- 1) if N[t2-vlt+ 1 =0] =0 
k;= (4+ 1)(4- 1) if N[t’--v’t+ l=O]= 1 
4(4+ 1) if N[t’-v’t+ l=O] =2 
and 
k fd4+ 1) 
if q- 1 (mod4) 
(4 + 1 v2 = 
fdq- 1) if q= -I (mod4) 
d; = N[ 1 + X; +x; + v!x,.Y~ - vixl T v’xz = 0] 
for 1 Q h < i < j Q (q - 1)/2 except the following cases: 
d,&= N[(x, - 1)2 + 2(s, T 1)x? +.Y; =o] -2 
d;,0=N[(x,+x2)2-vi(~,+x2)+1=0] 
for i,<i<(q- 1)/2 
d:i” = N[(x, +x?)~ - vix, T vJ’x2 + 1 = 0] 
for io<i<jQ(q-1)/2 
d;,, = N[ 1 +x; +x; - 2x, T v”x2 + vhx,x2 = o] - 1, 
for 1 Q h < (q - 1)/2, h # i, 
where i, is the index i such that ki= (q+ l)(q- 1). 
The character table of .!T(PSL(Z, q)) is described either Table II or 
Table III according as q E 1 (mod 4) or q E - 1 (mod 4). 
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Quadratic Forms and Orthogonal Groups over GF(q) 
Let V be a finite dimensional vector space over a finite field F= GF(q). 
A quadratic form f on V is a function from V to F satisfying the condition 
that 
for all x, y E I/ and 1, cp E F, where (x, y ) is a bilinear form on V. (If the 
characteristic of F is odd, then (x, .y) is a symmetric form on V and there 
is a one to one correspondence between the quadratic form f and the 
symmetric bilinear form (x, 4’) on V. If the characteristic of F is even, then 
the bilinear form (x, y) is an alternating bilinear form.) 
For a quadratic form f on I’, let us define D = (x E V j (x, y ) = 0, for all 
YE V}. The dimension of the space D over F is called the defect of f: 
A quadratic form f is said to be non-degenerate if no non-zero vector x E D 
satisfies f(x) = 0. For a quadratic form f, the isometry group 0( V, f) is 
defined by 
O(V, f)= {i”~GL(V)lf(Tx)=f(x) for all XE V} 
and is called the orthogonal group of J 
Let f be a non-degenerate quadratic form on V.’ The Witt index p is 
defined as the dimension of maximal totally singular subspaces (which are 
all conjugate by the action of 0( I’, f )) of I’. (A subspace W of V is called 
singular if f(x) = 0 for all x E W.) 
The non-degenerate quadratic forms over F= GF(q) are classified as 
follows: 
(1) Let q = p” with p an odd prime. Suppose dim I’= 2m is even. 
Then there are exactly two non-equivalent quadratic forms fi and fi: 
fi(-~)=2(x,x,+,+x,x,+*+ ... +x*xh) b==h 
fz(x)=2(x~x,+x2x,+~+ ... +X,-,x&-2) 
+x:,-I-+, (p==- 11, 
where a is a non-square element in F. We write GO&Jp”) = 0( V, f,) and 
GO,(p”) = 0( I’, f2). Suppose dim I’= 2m + 1 is odd. Then there are 
exactly two inequivalent quadratic forms fi and f2: 
fi(.~)=2(x1x,,+,+XzXm+r+ “. +&?AJ+x:,+, (CL = ml, 
f2(x)=2(x1xm+,+x2xm+2+ ... +x,xh)+~x:,+, (p=m), 
where c1 is a non-square element of F*. The groups 0( P’, ,fi) and 0( V, f2) 
are isomorphic, and are denoted by GO?,,, + ,(q). 
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(2) Let q = 2”. Suppose dim V= 2m is even. Then there are exactly 
two non-equivalent quadratic forms f, and fi: 
.f*(x)=x,x,+, + ‘.. +x,,x2m (p=m), 
.fib)=-~,-%+, + . . + x, , Xzrn ~ , + KY;, + X,X2* + Lxx;,, (P = m - 1 ), 
where at2 + t + a is an irreducible polynomial over F. We write 
GO32”) = 0( V, f,) and G0;;(2”) = 0( V, f2). Suppose dim V= 2m + 1 is 
odd. Then there is exactly one inequivalent quadratic form f: 
Let O,+,(q) and O;;(q) be the (simple) group ES,+,(q) and PQ;~(q) 
attached to GO,+,(q) and GO,(q), respectively. Also 02,,,+ ,(q) denotes the 
(simple) group PsZ,,+,(q) attached to GO,,+,(q) (cf. Dieudonne [S], 
Atlas [4].) 
We close this section with the following two enumerative lemmas. Let F 
be the finite field GF(q) and F* = F - {O >. For b E F and a polynomial 
.f(.x, 1 -x2, ..., x,) E F[x,, .x2, . . . . x,], let N[~(x~, .x2, . . . . x,) = 61 denote the 
number of solutions of the equation f(~, , x2, . . . . s,,) = h in F”, the 
n-dimensional vector space over F. 
LEMMA 1.1. Zf we denote 
then 
&(2m) = 
for h=O 
for bEF*. 
LEMMA 1.2. For odd characteristic field F, if we denote 
pb(2m)=N[2(x,x, +x?x,+~ + ... +x,+ 1~2(mp ,))+xi,+ 1 -ax:,= 6) 
and 
vb(2m)= N[2(x,x,+ 1 +-x~x,+~ + ... +x,.Q~) +x:,+ 1 = b], 
then 
‘(qm+l) for b=O 
.for b E F* 
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and 
for b=O 
for b a square element of F* 
for b a non-square element of F*. 
Lemma 1.1 can be easily proved by a straightforward counting 
argument. Then Lemma 1.2 follows from Lemma 1.1 and from the facts 
that N[& I - LXX;, = 0] = 1 and N[x:, _, - CIX~, = b] = q + 1, for b # 0, 
and so on. 
2. THE CHARACTER TABLE OF %(02+,(2”),52) 
In this section let V be a 2m-dimensional vector space over F= GF(q), 
q = 2”, and let f be the non-singular quadratic form f, with index m, i.e., 
Let 52 be the set of all non-singular l-dimensional subspaces (projective 
points) of I’. Then we get IQ/ = q”- ‘(4” - 1). For each x E 52, we can 
always find a vector u such that u belongs to the l-dimensional subspace 
x and f(u) = 1. We use the same symbol x to denote this vector u for given 
x E 52. In the following, we always assume that f(.u) = 1 for all x E 52. 
Since O,f,(q) acts on Q transitively, and since the orbits of 02f,(q) on 
.Q x Q are given by the following Ri’s, 
R,= {(v)IxW, 
R,={(x,y)lf(.u+y)=O,x#v,x,y~~}, 
for j= 2, 3, . . . . q, we have a symmetric association scheme, 
9?(02+,(2”),R)=(Q, {Ri}OdiCy), of class q defined by these q+l orbits. 
LEMMA 2.1. In the association scheme %(02f,(2”), Sz), we have 
k, = (qm-l+ l)(q”-l- l), 
m-yq-l- 1) if N[t2+v’~‘t+l=O]=O, 
m-‘(q*-’ + 1) if N[P+v’~‘t+1=0]=2, 
for i = 2, 3, . . . . q. 
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Proof: Let y = e, + e, + , = ( LO, . . . . 0, LO, . . . . 0) E V,,(F). Then, using 
Lemma 1.1, we have 
~,=l{x~~l(X,y)E~I,x#Y}/ 
=I{(x,,-x2,..., X2M)E ~,,m.~,+-~,+, =o, 
-~lXm+ 1 + ... +X,X*m= l}/ - 1 
= I {(x2, x3, . . . . X*m)E ~2,-l(F)I 
x*x,+2+x3x,+3+ ..’ +xmX&= 1 +x;+J -1 
=1,(2(m-l))+(q-1).&(2(m-l))-1 
=(qmP1+l)(qm-l-l), 
because N[l +xi+r =0]= 1. For 2di<q, 
k,= I(xEaIf(x+y)=vi-‘}I 
= I ((x2, x3, ..., X2JE ~,,-,(F)I 
x2x, + 2 + ... +X,XZm= 1 +x;+l+vi-lxm+l}l 
1 q. 4(2(m - 1)) = q”yq”-’ - l), 
= 2~,(2(m-1))+(q-2)4(2(m-1))=q”~‘(q”-1+1) 
The following lemma shows the relation between the two parameters of 
!Z( O,‘,( 2”) Sz) and !Z( X(2,2”)). 
LEMMA 2.2. Let si denote the parameters of X(O,‘,(Z”), Q), while at 
denote those of X(SL(2,2”)) as in Section 1. Then 
for all h, i, j except the following cases: 
s:,=qm~1(qm-2-1)+qm-2(a:1+2)-2, 
s~h=s~,=qm-1(qm-2-1)+qm-2(a~,+1)-1 for 2~ h <q. 
Proof. Forh,i,jin (2,3,...,qJ,set y=e,+e,+,,z=e2+vh-‘e,+,+ 
e ,+2sothatf(y)=f(z)=1and(y;z)~R~,andputx=(x,,...,x,,).Then 
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where f(x,+r,~,+~) = 1 + xi,, + viP1x,+, + v~-~.x,,,+~ + 
VA-lx WI+1 x,+~+x~,+>. Since N[f(.~,+,,x~+~)=O]=a~, we have 
Sf = 1,(2(m - 2)). a; + A,(2(m - 2)). (42 - u”,) 
= q”-‘(q”p2-1)+q”p%2; 
by Lemma 1.1. 
For h = i =j= 1, by replacing vh-‘, vi- ‘, and vi-’ by 0 in the above 
argument, we have 1 + xi + I + XL + 2 instead of f(x, + r, x, + 2), so that 
4,=~,(2(m-2)).N[1+x~+,+xf,+,=0] 
+~1(2(m-2))(q2-N[1 +x:+1 +x;+,=o])-2 
(by avoiding the possibility that N[ 1 + xi + I + xi + 2 = 0] counts the cases 
x=y and x=z). 
For h =j> 2, i= 1, again by replacing vie1 by 0 in f(x,+ 1, x,,~), we 
have 
S:~=l((X~,...,X2m)EF2m-2~X~X,+3+ ... +xmxzm 
= 1 +X~+l+V~~rX,+2+V~~1X,+1X,+2+X~+~}~ - 1 
=&(2(~-2))~N[(1 +x,+,)2+VhP1(l +x,+L)x,+2+x;+z=o] 
+4(2(m-2))4z2-N(1 +x,+‘)2 
+vh-1(l+X,+1)X,+2+X~+2=0])-1 
=4 mP1(qm-2-1)+qm-2(a;,+ 1)-l 
because of the condition that x # y. All remaining cases are checked 
similarly. 1 
THEOREM 2.3. The character table of the association scheme 
%(0&,(2”), Sz) is equivalent, up to a suitable permutation on its columns and 
rows, to the H in Table ZV, where q = 2”, c = q/2, d= (q - 2)/2, 
o=exp(2xJi/(q+l)), p=exp(2xJX/(q--1)). 
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Proof: Let Si denote the ith intersection matrix, whose (j, h)-entry is 
s$, of !X(O~~(2”), Q), while Bi denote that of %(X(2, 2”)). From Section 1, 
we have seen that the character table of .!X(SL(2,2”)) is PC’ with P in 
Table I and a suitable permutation matrix rc. That is, 
B, . (7c . ‘P) = (7c ‘P) . Pi, (1) 
where P, = diag[qi(0), p,(l), . . . . pj(q)]. By an obvious observation, we see 
that the entries pj(i) and p,,(i) of the two matrices P and P satisfy 
pi(i) = 
i 
qm-2(pl(i)+ I)- 1 if j=l 
4 
m-2 
. Pj(i) if j b 2, for all i Z 2. 
(2) 
Now it is just an analogue of the proof of Theorem 2.2.3 in [2] to show 
that 
Si(7r. ‘P) = (n .‘P). F, 
by applying (1) and (2). This completes the proof. 
Remarks. (1) It is easy to see that the association scheme %“(M(2”)) 
is isomorphic to %(OS+(2”), Q) and that the association scheme 
X(&5(2, 2”)) is isomorphic to %(0:(2”), Q). 
(2) If we plug in 2 for all m in P, then we have P for %(X(2, 2”)), 
and if we plug in 4 for all m in P then we have the character table for 
%(M(2”)) discussed in [2]. 
3. THE CHARACTER TABLE OF X(02,(2”),@) 
In this section, let V be a 2m-dimensional vector space over F= GF(q), 
q = 2”, and let f be the non-singular quadratic form fi with index m - 1 
(cf. Section 1 ), i.e., 
f(X)=fZ(X)=X,X,+1+?C2X,+*+ ... +x,-,.x&-, 
+ crxt, + x, Xlrn + ax;, 
Let 0 be the set of all non-singular projective points with respect to the 
quadratic form J Then we have 101 = qm- ‘(4” + 1). In this section, again, 
we denote any projective point in 0, spanned by x, simply by x and we 
assume that f(x) = 1 for all x E 0. 
0;,(2”) acts on 0 transitively. We have a symmetric association scheme 
3”~~2,(2”)7 Q) = (0, VUweJ 
%?a/54/2-3 
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by using the q + 1 orbits of 02,(2”) on 0 x 0 which are given by 
R,= {(X,X)lXEO}, 
R,=((?c,~)If(x+y)=O,?c#y,x,y~0}, 
Rj= {(x, y)If(x+y)=v’-‘,x, JJE@}, for i=2,3 ,..., 4. 
LEMMA 3.1. In X(02;(2”), O), we have 
k,=(q”P’-l)(q”-‘+l), 
+‘(qm-‘+ 1) if N[P+v’-‘t+1+(&‘)2=0]=2, 
*-‘(q”-’ - 1) if N[t’+v’-‘t+l+(&‘)2=0]=0, 
for 2<i<q. 
ProoJ Similar to the proof of Lemma 2.1. 1 
Notice that in X(OJ2”), O), there are q/2 indices i for which ki= 
q”-‘(q”-‘+ l), (q-2)/2 indices i for which k,=q”~‘(q*-‘- l), while in 
X(02+,(2”), Q), there are q/2 indices i for which k,=qm~l(qm-’ - 1) and 
(q-2)/2 indices i for which ki=qmpl(qm-‘+ 1). 
LEMMA 3.2. Let ti denote the parameters of X(0&(2”), 0). Then 
,;=q”-‘(q”-*+ 1)-q”-%,: 
for all h, i, j except the following cases: 
1 
t,, = 4 +‘(q”-2+ l)-q”-2(a;, +2)-2, 
f;h=t;‘=qMp’ (q”-2+ l)-q”ya:,+ l)- 1, for 2 <h < q. 
Proof It is similar to the proof of Lemma 2.2. 1 
THEOREM 3.3. The character table of the association scheme 
55”(0;~(2”), 0) is equivalent to the matrix p-, in Table V up to a suitable 
permutation on its columns and rows. 
Remark. The relation between the matrix P- and the matrix P given in 
Section 1, is written as 
i 
“-*(p’(i)+ l)- 1 
p,:(i)= -qmp2 
if j= 1, 
-4 . P,(i) if j>2, 
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, 
: : : : . . 
‘b 
+ 
Nu 0 0 . . . 0 
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for all i > 2, where dJ: (i) and p,(i) are the (i, J-entries of H- and P, 
respectively. 
Proof of Theorem 3.3. It is analogous to the proof of Theorem 2.3, so 
it is omitted. 1 
4. THE CHARACTER TABLE OF X(O&(p"),O,), p AN ODD PRIME 
In this section let V be a 2m-dimensional vector space over F= GF(q), 
q = p”, p an odd prime. Let 0 be the set of all non-singular (i.e., 
non-isotropic) l-dimensional subspaces of V with respect to the 
non-singular quadratic form 
of index m and let Q, and 52, be the set of all square-type and the set of 
all non-square-type elements of 52, respectively. Then we have IQ, 1 = 
la21 = iq’+l(q” - 1). Abusing the notation, we let x denote both the 
element of 52, and the representing vector with f(x) = 1. It is known that 
the orthogonal group O,f,(q) with respect to the quadratic form f over 
GF(q) acts on both Q, and Q, transitively. The orbits of O,+,(q) on 
Q, x 52, can be given by R,, R,, . . . . Rc4+ 1,,2, where 
Ri={(x, ~11 (XT .Y)=~~~v~,x, YEQI}, 
for i = 1, 2, . . . . (q - 1)/2, 
R (q+I),2={(X,y)l(X,y)=0,x,YE~,}. 
From this we have a symmetric association scheme 
~^(Oi-,,z(qh Q,)=(Q,, {Rh<i<~q+w2). 
We note that similarly we have an association scheme from the action of 
O&,(q) on Q, which is, in fact, isomorphic to the association scheme 
~(O,+,(qh Q, ). 
LEMMA 4.1. In %(0,+,(q), Q,), we haoe 
4 m-yqm-l - 1) if N[t2-v’t+l=O]=O, 
(qm-‘-l)(q”-‘+l) if N[t2-vit+ 1 =O]= 1, 
q”-‘(q”-’ + 1) if N[t2-v’f+1=0]=2, 
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for i = 1, 2, . . . . (q - 1)/2, 
k 
+qyqm- + 1) if q = 1 (mod 4), 
(q+‘M2= 
1 24 “l-l(qm-l - 1) if q= -1 (mod4). 
ProojI Let y=2-1e,+e,+l=(2-1,0 ,..., 0, 1,0 ,..., O)EQ,. Then 
ki= l{x&+ {y}l (x, y)=2-‘v’}l 
= I{(Xl, . . . . Xh)E V*,(F)- {y, -y}I.x,=2-‘(vi-x,+,), 
2(x2x,+2+ ... +x,x*J= 1-2x,x,+,)( 
qm-l(qm-l-l) if N[xX+,-v’x,,+,+1=0]=0, 
= q”-‘(q”-‘+ 1) if N[x~+,-v’x,+,+1=0]=2, 
(q”-‘- l)(q”-‘+ 1) if N[xk+,--v’x,+,+l=O]=l, 
using the fact that N[2( X2mm+Z+ ... +X,X*m)=l-ViX,+l+X~+l]= 
&(2(m-1)) . N[l-v’x,+,+x~+,=O] + &(2(m-l))(q-N[l- 
v’-L+1+e?+1 = 01). So, the assertion is true for all i= 1, 2, . . . . (q - 1)/2, 
k ,y+I),Z=I(XE~II(X,y)=O}l 
= $ I {(XI) . ..) x 2JE ~2mmx,2-‘x,+l=0~ 
2(X2X,+2 + ... +x,x2J= 1 +xK+r}I 
= ;q”-‘(q”-‘+ 1) 
i 
if q E 1 (mod 4), 
24 1 m-lw-l- 1) if q = -1 (mod 4), 
because N[ 1 + xi + I =O]=O if q- -1 (mod4), N[l+x~+,=0]=2 if 
qrl (mod4). 1 
LEMMA 4.2. Let ui denote the parameters of .X(0&,(q), Q,) while di 
denote those of Z(PSL(2, q)) as in Section 1. Then 
u$=2q”-‘(q”-*-l)+q”-*d;, 
for all h, i, j E { 1, 2, . . . . (q - 1)/2} except 
u~iO=2q”~1(q”-2-1)+q”-2(d&,+2)-2, 
u~h=u~io=2qm-1(qm-2-1)+qm-2(d,ho,+ 1)-l, 
for l<hh(q-1)/Z h#i,, 
where i, is the index for which k,, = (qm ~ ’ - 1 )(q” - ’ + 1). 
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Proof Set x=2-‘e, +e,+,, y=2-‘vhe, +2-‘ez+e,+,, then 
u~=I~=ESZ,-{r~,J?)I(x,z)=2~‘v’, (z,y)= f22’v’)l 
for 1 d h 6 i < j< (q - 1)/2. That is, UP is equal to the number of vectors 
(z , , z2, . . . . zZm) in Vz,(F) = {x, y, -x, - y} which satisfy 
z1 =2P’(v’-zm+,), 
=2=2~l(fV’-Vh’,+l-=m+Z), 
2(z,z,+,+ ‘.. +Z,zZm )=l- ~1Zm+l-2Wr??+* 
=1-v;=m+1fVjZ,+2+VhZ,+,Z,+Z+Z~+2. 
So, in particular, if h = i = j = i,, then 
z4;io=N[2(Z3Z,+3+ .” +zmz2m) 
=1-22,+,+zt,+,f2~,+,+22,+,2,+,+zt,+,]-2 
=&(2(m-2)) .(d;,+2)+&(2(m-2)). (2q2-d&-2)-2 
= 4 “-2(d,‘R,,+2)+2q yq=- 1)-Z 
(see Section 1 and Lemma 1.1). If 1 d h < (q - 1)/2 and h #i, then 
&=N[2(z,z,+,+ ... +zmz2J 
=1-2z,+,+z~+1fv~5,+2+V~Zm+1Z,+2+Z~+2]-1 
=qm-2(d,ho,+ 1)+2q”yq”-*- l)- 1. 
Similarly, we can check all the remaining cases. 1 
Now we are ready to describe the character table of X(0,+,(q), 0,). 
THEOREM 4.3. Let o denote a primitive (q+ 1)st root of 1 and p denote 
a primitive (q - 1)st root of 1, and let a = (q - 1)/4 and b = (q - 3)/4. Then 
the character table of a( O,‘,( q), 52, ) is equivalent, up to a suitable permutation 
on its columns and rows, to one of the following matrices depending on q: 
(i) P in Table VI zf q = 1 (mod 4). 
(ii) P in Table VII zfq= -1 (mod 4). 
Remark. Comparing the matrices P with the character table P of 
X(PSL(2, q)), we observe that 
pj(i)= q 
1 
mp2. p,(i) if j>2, 
9 “-2(p,(i) + 1) - 1 if j= 1, 
for all i > 1. Now Theorem 4.3 is proved in the same manner as before. 
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5. THE CHARACTER TABLE OF !Z(OJp”), O,), p AN ODD PRIME 
In this section let V be a 2m-dimensional vector space over a finite field 
F= GF(q), q = p”, p an odd prime. Let 0, (resp. 0,) be the set of all 
non-singular square-type (resp. non-square-type) l-dimensional subspaces 
of V with respect to the non-singular quadratic form 
f(x)=f2(x)=2(x,x,+xZx,+,+ . . . +x,~~x~(~-~))+x~~-~-cLx:,. 
Then IOr/ = /02/ = fq”-’ (qm + 1). Let O,(q) be the orthogonal group 
with respect to f: Let x denote an element of 0, as well as its representing 
vector x with f(x) = 1. 
O,(q) acts transitively on 0, and the orbits of O,(q) on 0, x 0, are 
given by 
R,= ((x,x)l-=@,}, 
Rj=l,(x,y)J(x,y)=2~‘v’,x,y~Ol), 
for j = 1, 2, . . . . (q - 1)/2, 
R (y+1)/2=~~~~Y~l~~~Y~=~~~~Y~~,~. 
Then we have a symmetric association scheme 
X(oGr(q), @I)=(@,, {Ri}o<i<(q+l)/2), 
We note that similarly we have an association scheme from the transitive 
action of O,(q) on 0, which is isomorphic to X(OJq), 0,). 
LEMMA 5.1. In the association scheme fE( O,(q), 0 1), we have 
if N[P-v’t+l=O]=O, 
if N[t*-Vif+1=0]=2, 
(q+l+ l)(q”-‘- 1) if NC?-rit+l=O]=l, 
for i = 1, 2, . . . . (q - 1)/2, 
k 
;qm-l(qm-l- 1) if q = 1 (mod 4), 
(4+1)/Z= 1 
24 
m-1 
(P1+ 1) if q= -1 (mod 4). 
Proof. Omitted. 1 
LEMMA 5.2. Let L$ denote the parameters of the association scheme 
%(0,(q), 0,) while di. denote those of?iY(PSL(2,q)). Then 
+2q”-‘(q”-*+ 1)-q”-*,.+ 
: : : : . . . . 
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for all h, i, j E { 1, 2, . . . . (q - 1)/2 } except 
u&=2q”~‘(q”-2+ l)-q”-2(A$;,+2)-2, 
Vkh = U;io=2qm~1 (qrn-2+ l)-q”-2(d&+ I)- 1, 
for 1 <h < (q - 1)/2, h # i,, where i, is the index for which k,, = (q”- ’ + 1) 
(q”-I- 1). 
Proof: Omitted. 1 
Through exactly the same procedure we have done for the Theorem 4.3, 
we have the following result. 
THEOREM 5.3. Let o and p denote a primitive (q + 1)st root and a 
primitive (q - 1)st root of 1, respectively, and denote a = (q - 1)/4, 
b = (q - 3)/4. Then the character table of the association scheme 
X(02>(q), 0,) is equivalent to the following matrix P-, up to a permutation 
on its columns and rows: 
(i) P- in Table VZZZ ifq z 1 (mod 4). 
(ii) p- in Table IX if q E -1 (mod 4). 
Remark. Compare P- and P in Theorem 4.3. 
6. THE CHARACTER TABLE OF X( O,, +,( p”), Q,), p AN ODD PRIME 
Let F be the finite field of odd characteristic p, and Q, be the set of all 
square-type nonisotropic l-dimensional subspaces in V2m + ,(F) with 
respect to the quadratic form f(x) = 2(x,x, + , + x2x, + 2 + . . . + x,x2,J + 
2 
X2m+ I’ The orthogonal group 0 Zm + 1(q) acts transitively on a,. This yields 
a symmetric association scheme X(Ozm+ 1(q), 51,) = (a,, {Ri}oGiGCs+ 1J,2) 
of class (q + 1)/2 whose association classes are defined by 
R,= ((x, y)If(x+.v)=O) 
R,= {(x, y)If(x+y)=2+2v-“-‘I}, for 2<i<(q-1)/2 
R (q+l)/z= {(x5 Y)If(x+Y)=2)? 
where we assume that f(x) = 1 for all x E ~2,. 
From the enumerative Lemma 1.2, we have IQ, 1 = iq”(q” + 1) and the 
valencies of E(O,,+ ,(p”), $2,) as 
k,=(q”-l+l)(qm-l) 
ki = q” - ‘(qm - 1) for i=2, 3, . . . . (qf 1)/2, 
kty+ iv2 = 44 m-l(qm- 1). 
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LEMMA 6.1. The irttersection numbers pi. are 
1 
p11=4 m-y2q+1+q- I)-2 
pii= q 
1 
*-‘(2q*-‘- 1) if 2<i<(q-1)/2 
24 ’ m-l(qm-‘- 1) if i=(q+ 1)/2 
p;. = 2q 
2(m-1) if 1 bi<jd(q- 1)/2 
4 Zlrn- I) if 1 <i<j=(q+ 1)/2. 
For 2 < i < j Z$ h < (q - 1)/2, depending on the chtiice of triple (i, j, h), 
i 
qm-‘(2qm-‘+ 1) 
4 *-‘(2q*-‘- 1) 
pt.= 2qm-‘(q”-‘+ 1) 
2q+‘(qm-‘- 1) 
Z(rn-I) 
&I . 
Note that the rest of parameters are directly computed by the basic 
equalities for the symmetric association scheme, namely, 
q+ 112 
k,= 1 P;, 
,=o 
P; = P;? 
kip;. = k, p;,, = kipij. 
Proof of Lemma 6.1. Omitted. 1 
To formulate the relation between the sets of parameters of %(Ozm + 1(q), 
Sz,) and X(0,(q), Q,), we have the following lemma. 
LEMMA 6.2. Let {pi} and {b:} denote the sets of parameters of 
X(0,,+,(q), Q,) and X(0,(q), Sz,), respectively. Then 
2q”-‘(q”-‘-l)+q”-‘(b;,+2)-2 
if h=l 
yqm-1- l)+q”-‘(&+ l)-2 
if 2dhd(q-1)/2 
m-l(qm-l- 1)+qm-1(b(l’l;;/‘;2+ l)- 1 
if h = (q + 1)/2, 
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~qm~‘(4m-‘-1)+4m-‘~:(4+l),2)~(y+l~,2~ 
P:(y+I)lZ)j=P~((y+1)/2)= 
!f j = (4 + 1 l/2, 
4 m~‘(qm~‘-1)+4m-‘b/:(y+l,,2, 
if j=h#l, j#(q+l)/Z 
for all other h, i, j, 
pi. = 2q m-yq+- l)+q”-‘hf: 
Proof It is just analogue of the proofs for the cases OIM(q) or O,(q). 
THEOREM 6.3. The character table of X( 02,,, + 1(q), Q, ) is given as 
P= 
[: 1 (qmm’+l)(qm-l) (q-2)q”-‘-1 -(qmm’+l) +l+ : 1) qmm’(qm-l) -2 ”-’ q”-‘(q”-l) -2qm-1 q”-‘(q”-1) z m-’ fq”m’(q”-l) -4 m-l -(qMm’+l) 1% 
where x,‘s (1 < i < (q - 1)/2, 1 <j< (q - 1)/2) are related entries of the 
character table p of 55(0,(q), Q,). 
Remark 6.4. The character table of %(0,(q), Q,) can be described as 
1 2(q-1) (4-l) (4- 1) ... (q- 1) i(q- 1) 
-2 . . -2 -1 
P= 
with some x0 E @ (actually xii~ Q(O) u Q(p), 8 = e2*i’(y”)L p = e2nr’(q- “). 
Suppose we denote the entries by p,(i) for P and pj(i) for P, then we have 
pO( i) = j&(i) = 1 
pi(O) = k,, I?J(O) =E, (“-” stands for O,(q) case) 
Pj(i)=q mp ‘p,(i) if j32 
p,(i) = qm- I (p](i)+ l)- 1. 
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Proof of Theorem 6.3. Using the equality Bj. ‘P = ‘p. PI for all j, we 
prove that 
Bj . ‘p = ‘p . pj for all j, 
where Pi = diag[ pi (0), pj ( 1 ), . . . . pj ((q + 1)/2)], the diagonal matrix. 
(i) To show B, .‘P=‘P.P,, we need to check the equality 
componentwise, i.e., for each (k, 1)~ (1, 2, . . . . (q+ 1)/2}*, the (k, I) entry 
Cp=+t)‘2 & .p,(l) of the matrix B, ‘P is equal to the (k, [)-entry 
Pk(4.Pl(4 of ‘P.P,. 
Suppose first k = 1, then 
(Y+ I)/2 ly+lVZ 
c P~kPz(l)=P~,Po(l)+P:,P*(t)+ c P;^,-Pd) 
Cl=0 1=2 
=(qm~1+l)(qm-1)+(2q*‘m-‘)+qm~‘b;1-2) 
x (qrn-1 .d,(l)+qm-l-l) 
(4 + 1 w 
+ 1 (2q”-‘(q”-‘-l)+q”~‘bT,)(q”-‘-d,(Z)) 
a=2 
==(qmPl+l)(qm-1)+2(q2m-*-l)(qmP1-1) 
+q”-‘(q”-‘- l)b;, +2(q*“-*)q”+’ .p”,(l) 
(4 + 1 l/2 (4 + 1 J/2 
+29 2m-2(qm-1-l) 1 p,(f)+q2”~2 1 b:,p,(l) 
2=2 sr=l 
(Y + 1 l/2 
=4 2m-2 c GP*(O 
a=0 
+2qm-1 (qm-l-l)dl(l)+(qm-l-l)* 
=C4m-1(81(~)+~)-112=P1(~)-P1(~~. 
Note that we used the equalities in Lemma 6.2, and the equalities 
Cp201)/2 d,(l)=0 and C2201)/2 b;, .d,(l)=j51(l).j51(1). 
Second, for k = 2, 3, . . . . (q - 1)/2, a straightforward computation reveals 
that 
(9 + I)/2 (4 + I)/2 
c P~k.Pa(~)=P:k~Plu)+ c Pa;//P,u)+P:k.P!J) 
Or=0 a=2 
afk 
={2q”-1(q”-1-1)+q”-1b;,}{q”~1(~,(l)+1)-1} 
+ {2q”-’ (f-l- l)+q”+(b;,+ 1)- 1} q”-‘.Pk(/) 
(4 + 1 l/Z 
+ 1 {2qm-’ (qm~l-l)+qm-lb;k} q”~‘.j5Jl) 
a=2 
a#k 
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(4 + 1 )I2 
=2q 2frn- “(qm- l - 1) 1 d,(l) 
a=1 
(Y + 1 l/2 
+4 2(mp1) c b;k~~~(l)+2qm~1(qm-‘-1)2 
9=1 
+4 m~l(qm-l-l)b;k+qm~l(qm-l-l).~k(l) 
= 2’“-‘)~k(l).dl(l)+qm~‘(qm~‘-1).dk(z) 4 
because b fk = 2 for k = 2, . . . . (q - 1)/2) 
= {4m~1.dk(~)}{9m~1(~1(~)+ I)-- 11 =P!A~)~Pl(~). 
Finally, suppose k = (q + 1)/2, then similarly 
(Y +1 l/2 
c P~~~+,~,~.P~U)= W’-lW’-‘- l)+qm-1b:(q+,~,2~ 
a=0 
. {gypi( l)- 1) + {qmpl(qm-‘-l) 
+qm~'(~~(::'~2,,z,+1)-l~q"-1~~,q+,,,,(~) 
(4 ~ 1 w 
+ 1 (qm~'(qm-l- 1) 
z=2 
m-1 
+q bGf,,q+,),2)}qm--1.~,(1) 
ly+ lw- 
= am-1) 4 1 b~,,q+,,,,,~d~(~)-q2(m-1f(qm~1-1) 
Cl=0 
+qm-1(q"-1-1)2+qm-'(qm-1-l)b:~~q+~y2, 
+q"-l(qm-l - lM(,.l),2U) 
(because bi,,,, ,),*, = 1) 
= am-l)- 
4 P(q+ I,,*(4 . p”l(U 
+4 “-1(4~--l-l)d~q+l~,2(~) 
= P(q+ 1),2(0 .P,(O 
It completes the proof of the equality 
B, .‘P=‘P.P,. 
(ii) To show B, . ‘P = ‘P . P, for arbitrary j, j = 2, 3, . . . . (q - 1)/2, we 
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do the same thing as we have done in (1). For instance, for k # 1, 
kf(q+ 1)/2, 
(q+ 1112 ly+ 1v2 
%;, pi;l.pl(f)=kj6,k+p:k.p,(f)+ C P,“,QL(~ 
2=2 
=k,6,+ {2qm~‘(qm-‘-1)+qm-1b,!k} 
x {q”-‘(p,(l)+ l)- 1) 
(4 + ‘)/2 
+ c {2qm-‘(qm-‘-1)+qm~1b~~}qm~1.dl(l) 
a=2 
=kjdj~+2q”~1(qm~1-1)2+qm-1(qm-1-l)b,!k 
(4 + 1 )I2 
+2q 2(+‘)(qm-‘- 1) 1 j!,(I) 
2=1 
(4 + I J/2 
+4 
2(m - 1) 
1 big . F,(l) 
x=1 
(4 + 1 w 
= 2(m-1) 
4 C b; .d,(O 
CX=O 
by applying the facts: 
b;=q- 1 
bjk=2 ifj#k; kj=kj6,,=qm-‘(q”- 1); Fi= 1; and 
(j=2, 3, . . . . (q- 1)/2). When k= 1 or (q+1)/2, it can be 
checked similarly. This completes the proof. 1 
Before we close this section we will illustrate the relation between two 
sets of parameters of X(0 2m+ ,(7), Q,) and X(0,(7), Q,) as well as their 
character tables. 
EXAMPLE 6.5. (1) The intersection matrices and the character table of 
X(0 2m+1U’)yQ1) (here q=V: 
(qm-‘+l)(qm-1) qmm’(2qm-‘+q-1)-2 2qmm’(qmm’+ 1) 
B, = 
i 0 
0 % 
*,??-I, 
2q2w-1’ q21m-1) 1 
(2q”-‘-l)(qmm’+1) 
2qmm 4 ’(qm-‘+ 1 (q+‘+ 0 1) 1) 
0 0 
2q +‘(qmm’+ 1) 2qm-‘(qm-‘+ 1) 
2q nz-‘(qm-‘+ 1) 2qm-‘(q”-’ + 1) 
(2qm-‘- l)(q”-‘+ 1) 2qmm’(qmm’+ 1) 
4 +l(q+‘+ 1) (q”-‘- l)(q”-‘+ 1) 1 
582a/54/?-4 
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0 &p- 1) (2q m-‘- l)(q”‘-’ + I) 
B2= q-1 
( 
(qm- 1) q+‘(2q”-‘- 1) 
0 *,??-I, 0 
29 
am-,, 
0 % 
Z(rn-I, 
2q 
Y 4 am-,, 1 
“-‘w--‘-l) 
0 0 
2qm-’ (q+l+ 1) 2qm-yqm-‘+ 1) 
2qm-‘(q”-‘- 1) 2qm-l 
2q2’“- 1, 2qmm’(q”-‘- 1) 
4 ++l(qm-l-*) qm-l(qm-l-*) i 
i 
0 0 0 
0 % 
*,I?-1, 
% +‘(q+‘+ 1) 
B, = 0 2q 
Z,m-1, 
2q m-yqm-‘- 1) 
qm-I(qm-*) qm-1(2qm-l-~) 2q”“-” 
0 em-" qm-yq~-l-*) 
1 
(2q m-l-. l)(q”-‘+ 1) 
3 
zm-1, 
4 m-lpqmml - 1) 
4 m-l(qm-l-*) 
0 
2q+yqm-- + 1) 
2q”-‘(qm-‘- 1) 
2qmm’ (q”-‘- 1) ‘i 
0 1 
4 m-‘(qm-‘+ 1) (q”-‘- l)(q+‘+ 1) 
qm-l(qm-l-*) qm-l(qm-l-*) 
4 +yq+- 1) q-‘(qm-’ + 1) 
L 74 m-l(qm-‘+ 1) ’ 34 m-‘(qm-‘- 1) r 
( 
1 (q”-l + l)(q”- 1) qm.-’ (qm- 1) q+yqm- 1) ;q+yqm- 1) 
1 (q-2)q”-‘-1 -zqmm’ -Tq”-’ -qm-’ 
P= 1 -(q+l+ 1) (2-&q”- 2J2qmm’ -(I +JZ)q”- , 
1 -(q+l+l) (2+&q”-’ -2JTp -(l-$)qmm 
1 -(q+‘+ 1) -Zq”m’ 9 m-l % m-l I 
(2) The intersection matrices and the character table of X(0,(7), Q,) 
(here q = 7): 
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i 
0 1 0 0 0 
2(q-1) q-l 4 4 4 
B,= 0 2 2 4 4 
0 2 4 2 4 
1  2 0 I 
Bz= ! 
0 0 1 0 0 
0 2 2 4 4 
q-l 
1 2 0 2 
0 2 0 2 0 
0 1100 1 
i 
0 0 0 1 0 
0 2 4 2 4 
B3= 0 2 0 2 0 
q-l 1 2 1 0 
 1 0 0 2 ‘i 
i 
0 0 0 0 1 
0 1 2 2 0 
&= 0 1100 
0 1 0 0 2 
i(q-1) 0 0 1 0 1 
i 
1 2(q-1) q-l q-1 :cq- 1) 
1 q-3 -2 -2 -1 
B= 
1 -2 
2-G 2Ji 
1 -2 2ta -23 -l+$ 
1 -2 -2 1 -1-d I 2 
7. THE CHARACTER TABLE OF X(O,,+,(p"),Q,) 
Let q be an odd prime power p” and Q2 be the set of all nonsquare-type 
nonisotropic one-dimensional subspaces of Vzm + ,(F), F = GF(q), with 
respect to the quadratic form f(x) = 2(x,x, + 1 + x*x, + z + . . . + x,xZm) + 
2 x2,,,+,. Then 0 2m + 1(q) acts transitively on Sz, and it gives an association 
scheme X(Ozm+ I(p”), a,) as follows. 
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Define the association relation as 
(4 .Y)ERl -(;).s.‘(;)=(; yi,) 
(x, Y)ERi- (;).s.‘(;)=(; y2tlj. i=2,3 ,..., (q-l)/2 
(4 ~)~~i4+~),2-(:).S.‘(C)=(K p). 
where S is the representing matrix of the bilinear form corresponding to the 
quadratic form f(x) (namely, 
ZWI 
s= z, 
i ) 
.I 
1 
Then the association scheme 
~(02m+l(q)? Q*)= 622, {&~oai<(q+1),2) 
is a symmetric association scheme of class (q + 1)/2 (m > 2) with 
WA = ww - 1) 
k, = (q”- ’ - 1)(4”+ 1) 
k,=q”-l(qm+ 1) for i = 2, 3, . . . . (q - 1)/2. 
k (y+ 1 l/2 = T4 ’ *-yqm+ 1). 
LEMMA 7.1. The intersection numbers pi of X(0,,+,(q), 52,) are 
i 
qm-l(2qmP1+1)-2 if i=j=l 
4 m-‘(2qm-‘+ 1) if 2<i=j<(q-1)/2 
p;=p;,= ;qm-yqm- J + 1) if i=j=(q+1)/2 
2q 
2(m- 1) if 1 di<j<(q- 1)/2 
4 2(m- 1) if 1 <i<j=(q+ 1)/2 
h- h- 
Plj-Pjl- 2q~-1(qm-1-1) 
r 
(q”-l-1)(2q”‘-l+l) ij’2<h=j<(q-1)/2 
(q’+-l)(qm-‘+l) if h=j=(q+l)/2 
if l~j~(q-l)/2,j#h,2,<h~(q+1)/2 
qm-‘(qm-‘-l) if.i=(q+l&?, jfh, 26h<(q-1)/2. 
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Forotherh,i,j, l<i<j<h<(q-1)/2, 
i 
q”-‘(2q”-‘- 1) 
4 m-‘(2qm-l + 1) 
p;= 2q”‘-‘(q”-‘- 1) 
2q yqm-l+ 1) 
% 
2(rn- I) 
depending on the choice of triple (h, i, j). 
Proof Omitted. 1 
We have the following relation between the parameters p& of 
-vQ2rn + 1 (41, Q2) and g$ of x(53(qh Q2). 
LEMMA 7.2. p&=2q”-‘(q”-‘- l)+q”-‘gi for all h, i, jE (2, 3, . . . . 
(9 + 1 l/2), except 
74 l m-‘(qm~‘-1)+qm-1g:(y+1),2),((y+1,,2) 
h 
P((y+l)/2)j=PJ:4+1)/2= 
if j= (q+ 1)/2, hE (2, 3, . . . . (q+ 1)/2}, 
qm~1(qm-1-1)+4m-‘g~((((q+I),2) 
zf 2<j<(q-1)/2,hE{2,3,...,(q+1)/2}. 
Notice that {gf} consists only of i, j, h E { 0, 2, 3, . . . . (q + 1)/2}, i.e., no 
indices indexed by 1. 
Proof: Omitted. 1 
THEOREM 7.3. The character table of ~(O,, + ,(q), Sz,) is given as IJ= 
1 (q”-‘-l)(q”+ 1) qm-‘(qm+ 1) [! 1  qmm’(qm+ 1) “’ qm-yqm+ 1) +qm-yqm+ 1) -(q-2)q”-‘-1 (q--l) ” ‘- ) f 2qm-’ (~~ ”-‘,~~;~i’,~~’ 2q”-’ . . 2q+’ 4 m-l 
!? 
I/Z 
1 (q--l) 
where Y’,‘s are the related entries in P-, the character table of 
-VW?)* %I. 
Proof: Omitted. 1 
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Remark 7.4. The character table PP of %(0,(q), Sz,) is described as 
p- = 
q+l 34 + 1 
1 v2 
1 )I2 
) 
I. 
Also, the components of Pp and P- have the relation 
pi(i)=qmpljTj(i) if i,jE (2, 3, . . . . (q+ 1)/2}. 
p,(l)= -(q-2)q”-‘-1 
p,(l)=q”-‘- 1 if j>2 
1 
2q m-1 
P,(i) = 
if 2Qj<(q-1)/2 
4
m-1 if j=(q+ 1)/2 
while pl( i) and fii( 1) are not defined. 
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